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Abstract-As an application of the theory of finite deformations to creep problems, the steady
state creep of pressurized thick-walled tubes is analysed. Constitutive equations of steady-state
creep in case of finite deformations are first derived by assuming the Prager-Drucker potential
and Norton's law. Closed form solutions are obtained, and compared with the corresponding
experiment as well as the analysis disregarding the effect ofJ 3 and that of infinitesimal deforma
tions. The relation between the present analysis and that of Rimrott, performed by modifying
the procedure of infinitesimal deformations, is also discussed.

1. INTRODUCTION

Since deformations of structural elements subject to creep proceed at a certain rate even
under constant stress, they are generally much larger than those in elastic or elastic-plastic
structures. In case of large deformations, the effect of geometrical change of the elements
on the equilibrium of stress can never be neglected, and thus the usual definitions of stress,
strain and their rates in infinitesimal deformation theory are no longer working definitions.
Therefore, rigorous analyses of the processes of large deformations should be performed on
the basis of the general theory of finite deformations. Creep problems have hardly been
analysed in such a rational way, but finite deformation theory has been applied to a variety
of elastic or elastic-plastic problems[3-1O].

In the present paper, finite deformations in the steady-state creep~ of pressurized thick
walled tubes are analysed as an application of the finite deformation theory to creep prob
lems, and the process of deformations leading eventually to rupture is discussed. Though
the present problem has been investigated also by Rimrott and others[l, 2], the analysis
was not performed in the general way described above, but simply by modifying infinitesi
mal deformation analyses by taking into account the simultaneous changes of the radius
and thickness of tubes. Therefore, the relations between stress, strain and their rates in
Rimrott's analysis and the corresponding measures of the finite deformation theory are not
always clear. Although the uniqueness and the stability bounds and the corresponding
modes of deformation were elucidated by Storakers[3] for finite deformation of visco
plastic thick-walled tubes, no information about the succeedIng process leading to rupture
is furnished by his investigation.

In the present paper, constitutive equations of steady-state creep in case of finite deforma
tions are derived by assuming the Prager-Drucker potential and Norton's law in terms of

t Assistant professor.
t Graduate student.
~ The steady-state creep here means the state wherein the constant magnitudes of stress cause the constant

rates of strain.

1201



1202 SUMIO MURAKAMI and NOBUTADA OHNO

the rate of Cauchy-Green strain tensor and the Cauchy stress tensor with respect to con
vected coordinates. As the creep rate is a significantly non-linear function of stresses, the
effects of the third invariant of the deviatoric stress tensor J 3 in addition to the second J 2

cannot always be disregarded[23]. Thus, it would be interesting to elucidate its effect on the
deformation and rupture of the tube in the case of finite deformations. The axial extension of
which has been neglected in previous papers is also taken into account. The results the tube
of this analysis are compared with analytical results which disregard the effect of J 3' with
those obtained for infinitesimal deformations, and with the experimental results of Taira
and Ohtani[32]. The relation between the present analysis and that of Rimrott is discussed.

2. FUNDAMENTAL RELATIONS

2.1 Field equations

Since basic equations in the theory of finite deformations have been discussed extensively
in the books on continuum mechanics[8-14], only an outline necessary for the development
of the succeeding analysis is given herewith.

Let us specify an element of a body by a system of convected coordinates (0 1
, 02

, 03
),

and designate its position vectors in the undeformed and deformed states (at time t) by
r(Ol, 02,03

) and R(O!, 02
, 03

, t), respectively. Then, the base vectors gi' G i and the metric
tensors gij, Gij of the coordinate system before and after deformation can be written as
follows [8-1 1]:

Gi=R.;,

gij = gi' gj'

Gij = G i ' Gj ,

(1)

(2)

where ( ),i denotes a partial derivative with respect to Oi.
If the displacement vector u is expressed as

u = R - r = Uigi = ViGi ,

the Cauchy-Green strain tensor may be defined as follows[8-11]:

Yij = i(Gij - gi) :: -!Cuil i + ui ! i + uri i~rl) )
- -HVdl i + ViII; - V lIiVrlli)'

"i. = Giry .
I.J rJ'

(3)

(4)

where ( ) Ii and ( )ll j represent the covariant derivatives with respect to the coordinates oj
in the undeformed and deformed states. Since strain rates in steady-state creep are determined
by the state of stress at that instant and they generally do not accompany volumetric
change, the following deviatoric creep rate tensor may be conveniently adopted:

lIij = Yij - -!GijGrsYrs' }
i _ ik _ ik",· is·

lI.j - G IIkj - G Ykj - 1<5 jG' Yrs'
(5)

where fJi j denotes Kronecker's delta, and (') stands for the material time derivative, which
reduces to the partial derivative with respect to time in case of convected coordinates. Since
the deviatoric strain rate tensor will be related to the stress tensor in the deformed state by
the constitutive equations to be described later, the metric tensor ofthe deformed coordinates
has been used to raise the indices in equations (4 and 5). For the deviatoric strain rate
tensor, the following fundamental invariants may be defined:

(6)
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When the material is incompressible, the volumetric change of a material element due to
the deformation vanishes[8-11] :

dV - dVo = (JG - )[;) del de2 de3 = 0,

where G = IGij I and 9 = Igij I. In this case, the relation

GrsYrs =°

(7)

(8)

may be verified. Thus, as observed from equation (5), the deviatoric strain rate tensor for
incompressible materials coincides with the corresponding strain rate tensor also in the case
of finite deformations, and we have the relations

1'fij = Yij' (9)

Finally, the equations of equilibrium with respect to the deformed state may be expressed
in terms of the Cauchy stress tensor (true stress) '~j' and these have the forms [8-14]

(10)

where p is the density of the deformed element, and F j andjj denote the body force vector
per unit mass and the acceleration vector at the deformed state, respectively. When the
outer unit normal of the deformed surface and the traction acting on its unit area are desig
nated by

the boundary conditions for equation (10) are given as follows[8-14]:

ij pj i P,ni= or "jn i = j' (11)

Since the creep of metals is generally insensitive to hydrostatic pressure, it is convenient
to introduce deviatoric stress tensors n ij or n~j, which are related to ,ij as follows:

(12)

J - 1 i j2 -zn'jn· i ,

For n~j in the above relation, the following fundamental invariants may be defined:

_ ! j kJ 3 - tn.jn·kn·i· (13)

2.2 Constitutive equations

In contrast to the infinitesimal deformation, the stress-strain or stress-strain rate relation
in the finite deformation theory is subject to various additional restrictions. Hence, for
elastic-plastic and elastic-viscoplastic materials, general forms of constitutive equations
have been discussed from the mathematic and thermodynamic points of view[8-21], and
are specialized to various problems[3-10,17,21]. Regarding the finite deformations of
non-linear creep, however, we still lack derivations of constitutive equations of practical
forms obtained by specializing the general equations in conformity with experimental
observations.

In the following, therefore, a constitutive equation of steady-state finite creep deformations
for isotropic incompressible materials will be derived by assuming the Norton creep law
and the Prager-Drucker potential which includes both the effects of J 3 and J 2' The con
stitutive relation in finite deformations should remain unchanged if the body is subjected to
an arbitrary rigid-body motion[8-14]. This requirement is satisfied automatically if we use
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(14)

the stress, strain and their rates with respect to the convected coordinates, and so these are
employed in the following derivation.

The effect of hydrostatic pressure on creep of metals is generally small, and can be
neglected with sufficient accuracy[22, 27]. Furthermore, since steady-state creep is not
accompanied by appreciable volumetric strain, the deviatoric strain rate tensor 1'1 ij for the
isotropic material may be expressed as an isotropic tensor function of the deviatoric stress
tensor nij. Then, if creep potentialfis assumed to exist for I'Iij, we have the relation

of(J2 ,J3)

I'Ii}' = J1 ","ur'}

where J1 denotes a certain scalar coefficient, and f is a scalar function of J 2 and J 3 only. It
is difficult to obtain rigorous proof for existence of the creep potential in equation (14).
However, it has been proved at least as far as polycrystalline slip models for infinitesimal
deformation are concerned[24, 25], and it has also been confirmed experimentally[26]. Since
it is postulated tacitly that the body is subject to load from natural state and the variation
of stress during the creep process is sufficiently small, the creep rate practically depends
only on the state of stress at the given instant. Hence, the assumption of a creep potential
seems valid enough for the present problem.

In order to bring equation (14) into conformity with the experimental results, it is
necessary to define an equivalent stress <Je and an equivalent strain rate 1'1e' besides specifying
the forms of creep potential f For isotropic incompressible materials, these equivalent
quantities may be expressed as functions of the second and third invariants of n!j and I'I!/

(15)

(16)

Symbols P and Q in the above relations are homogeneous functions with the same dimen
sions as the corresponding deviatoric tensors. Quantities <Je and IJe in equation (15) should
specify the equivalence of stress and creep rate in multiaxial states in relation to those in
uniaxial states[23]. However, if the coefficient J1 in equation (14) is chosen as

J1 = ji(<Je) , M = Q (~ o! of,~ o! of (if),
M 2 ;h:~j or! i 3 ar~j or~i

then equations (14) and (15) yield the relation

rle=ji(<Je)· (17)

Hence the above mentioned condition is always satisfied[23, 29J.
Now, let us assume that the results of creep tests in uniaxial tension can be described with

sufficient accuracy by Norton's law[27] expressed in terms of the Cauchy stress tensor and
the strain rate tensor for convected coordinatest

t This assumption may be rephrased as Norton's law relating logarithmic strain rate ex and true stress
CTx in uniaxial tension. In fact, according to equations (9 and 34), we have the relation

8ux

8 ( 8Ux) 1e =-In 1+- =---=Tj'l
x 8t 8x 8ux '

1+
8x

and hence equation (18) may be written in the alternative form
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(18)

where k and n are creep constants. Equation (18) has been ascertained to be valid if the
relevant levels of stress are not too high[27, 28]. As mentioned above, the equivalent creep
rate and the equivalent stress are related by the same equation as the uniaxial states.
Equation (18), therefore, holds also for '7e and O"e:

(19)

Then, let us assume the Prager-Drucker potential[30, 31]

(20)

as the most fundamental one which includes both J 3 and J 2. The symbol c in the above
equation stands for a material constant. The potential of equation (20) may be interpreted
as that derived by expanding a function of J 2 and J 3 of even order regarding stress (but
otherwise of arbitrary form), by assuming the effect of J 3 to be smaller than that of J 2.

Accordingly, if the material constant c is determined by the pure torsion or the internal
pressure test of tube specimens where the effect of J 3 is most significant, the potential (20)
may have enough generality[23]. Then, equation (14), together with equations (16) and (20),
furnish

'" ~ ~ G,,[3(J'l'"" - 2,J, ('IG,j,i

t'l = n"GrsnSl -tG'lJ2, J
(21)

where tij stands for a deviator of the square of the deviatoric stress tensor.
If we assume that the equivalent stress function P in equation (15) is identical with the

potential f up to a certain power and a certain numerical coefficient, the equivalent stress
may be defined as

(22)

When the equivalent creep rate '7e may be expressed as a function ofthe second invariant
'7~i only, we have the relation

2 1/2
'7e = J3 (/2) . (23)

(24)

In view of equations (15) and (16), M in equation (21) may be furnished from equation (20)

_ 2 (I Of Of)1
/
2 _ J- 3 4 21/2

M - J_. -2 -ai. -ai. - 2 3[(J2) - (2 - n C)c(J3)] J 2·
3 t' J t.,

Then, the relation (17) may be verified actually, ~nd comparison ofequation (17) with (19)
gives

lJSS Vol. 10 No. Il-C

ji = kO"/. (25)
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By substituting this into equation (21), we finally obtain the constitutive equation of finite
creep deformations incorporating the effect of J 3 :

J3 n { (J2)2nrs - -tcJ3trs }

YJij = 2 k(Je G ir [(J2)3 _ (2 _ 247C)C(J3)2]l/2J2 Gsj"

In case of c = 0, in particular, the above equation has the form

(26)

(27)

which is an extension of the Mises type equation to finite deformations.

3. FINITE CREEP ANALYSIS OF PRESSURIZED THICK-WALLED
TUBES

Consider a thick-walled tube with closed ends under internal and external pressure Pi and
Po, and let the inner and outer radii in the undeformed state be a and b, respectively. Let us
adopt a cylindrical coordinate system (r, e, z) as the convected coordinates.

In analys~s of infinitesimal deformations of pressurized tubes, a state of plane stain in the
axial direction has been assumed. However, we have no previous certitude as to the validity
of the assumption in the case of finite deformations. Since the tube is sufficiently long, the
state of generalized plane strain[lO] prevails over the entire tube except in the vicinity of the
closed ends. Because of the axisymmetry of the problem, the circumferential displacement
component always vanishes. Hence, the axial and radial components of displacement Ur , Uz

may be written as

Uz = [Jc(t) - I ]z, (28)

where A(t) denotes the extension in the axial direction.
The metric tensors of the convected coordinate system of the undeformed and deformed

body may now be given as follows:

g'J ~ [~ ~, ~l gOJ ~ [~ ,0, ~],
o 0 I 001

G ~ [(I +~~r [( aur'
An

0 :l I +_r 0

'J 0 (r+ UY G'i~ f (r+ur)-2
0 0 A2 0

(29a)

(29b)

(31)

(30)

n2 = -(r+Ur)!(1 + ~~),}

2 2 ( aur)!r 12 =r21 = I + a;: (r+ur)·

By means of equations (29), the condition (7) leads to

2 _ r 2 + a2 H(t)
(r + ur) - A(t) .

According to equation (29b), the non-zero components of the Christoffel symbol of the
second kind for the convected coordinates of the deformed body may be expressed as

1 a
2

ur!( aur)r 11 = ar 2 I + a;: ,
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H(t) in the above relations denotes an arbitrary function of time t. The non-zero com
ponents of the strain and strain rate tensor calculated from equations (4, 9, 29 and 31) are

The physical components of the Cauchy stress tensor t~j different from zero are a~" a~9

and cr.z' which in this case are given by

(34)

The equation of equilibrium for the deformed state (10) reduces to a single relation, which
becomes, by means of equation (31),

a
1 [()2 ]-1t' l r r 2 1a;: = a2 ~ + H (t'2 - t. 1)· (35)

The equilibrium condition of axial forces, on the other hand, may be expressed in the spatial
description as

b+ (ur)b
n[a + (Ur)afPi - n[b + (Ur)b]2pO = J a:'z(2n)(r + ur) d(r + ur)·

a+(u.)a

By means of equation (31), this is transformed into an alternative form of the material
description:

(1 +H)a2pi - [ (~) 2 + H ]a2po = 2 ( t~ 3r dr.

The constitutive equation (26) in the present problem may be written as

I[A H] ji 21 1-"2 J: + (~r + H = M [3(J2) n. 1 - 2eJ3 t. il,

1 [A H] ji 2 2 2-"2 J: - G) 2 + H = M [3(J2) n.2 - 2eJ3t. 2],

i = ~ [3(J2)2n~ 3 - 2eJ3 t: 3] = ~ [3(J2)2 - 2en~ ln72 t: 3]n:3'

where M and ji are given by equations (24) and (25).

(36)

(37a)

(37b)

(37c)
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(38)

By use of equation (12), equation (37c) becomes

3 _ 1 .1 2 _ 1 3AM
't" . 3 - 't" . 1 + 2 ('t" ·2 't" . 1) + 21 -[3(J )2 _ 2 1 2 t3 ]A/1 2 en. In . 2 • 3

By eliminating the term ('t"~2 - 't"~ 1) of the above relation from equation (35) and substituting
the resulting relation into equation (36), we have

(1 + H)a2pi - [G) 2 + H] a2po = { :r [(r2 + a2H)'t"~d dr

Afb Mr+ 3 - 2 1 2 3 dr.
A a /1[3(J2) - 2en. 1n. 2t. 3 ]

Application of the boundary conditions, i.e.

(J~r = 't"~ 1 = - Pi'
(J~r = 't"~ 2 = - Po ,

at r= a,}
at r = b

(39)

(40)

to the first integral of the right-hand side of equation (38) gives

A b Mr-f 2 1 2 3 dr = 0.
A a /1[3(J2) - 2en. 1n.2 t. 3 ]

Since the integral in this relation does not vanish for arbitrary values of stress, we obtain the
following relations

A(t) = 0, A(t) = 1. (41)

Thus, the assumption of plane strain in the axial direction is proved valid for the steady
state creep of pressurized closed tubes also in the case of finite deformations.t

According to equation (41), equations (37c) and (13) give the relations

n~3 = 0, J 3 = 0. (42)

Then, equations (22) and (37) have the forms

(Je = ~3 (1 - 2\e)-1/61't"~2 - 't"~11, (43)

~ [Gf + Hr1
= sign('t"~2 - 't"~ 1) . (~3r+\(1 - 2\e)-n/61 't"~2 - 't"~lln. (44)

By eliminating the term ('t"~2 - 't"~1) in equation (35) from equation (44) and integrating it
with respect to time, we have the relation

n [Sign('t"2 _ 't"1 ). H]1/n[(r)2 ] -l/n
't"~1 = -sign('t":2 - 't"~1) . J3 (1 - Z\C)1/6 'J3k ·1 ~ + H + F(t),

(45)

where F(t) denotes an arbitrary function of time t. According to the boundary condition (39),
H(t) and F(t) in the above equations are determined as

t In view of equations (37c)-(41), it may be easily proved that the state of plane strain generally occurs in
the pressurized closed tubes if their creep behaviour is governed by constitutive equations of the form

T)lJ = G,,(A7T" + BJ3 t")G,j,
where A and B are arbitrary scalar functions of stress and strain. Equations derived from the creep potential
f(J2 , (J3)2) are examples of the equations of such a form.
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(46a)

(46b)

[

. (2 1) J3( )sign 'r _2 - 'r -I • - Pi - Po

H(t)=sign('r72-'r~1)'J3k { n [(b 2 ]

(l - ~C)1/6 (l + H)-l/n - -) + H
27 a

[(
b)2 ]-l/n

- po(l + H)-l/n + Pi -; + H

pet) = (l + H)-l/n _ [(~r + H] I/n

Substitution of this into equations (42, 44 and 45) furnishes the components of stress:

_ Po(l + H)-l/n _ (Pi _ Po) [(~) 2 + H] -lin + Pi [(~) 2 + H] -lin

'r~l = [(b)2 ] l/n
(l+H)-l/n- ; +H

-po(l+H)-1/n_(1-~)(Pi-PO)[Gr+Hrl/n+Pi[(~r+ Hr l

/

n

~2= ~n

(l + H) -lin - [(~r + H] l/n

( 1) [(r)2 ]-l/n [(b)2 ]-l/n- Po(l + H) -lin - 1 - ~ (PI - Po) -; + H + Pi -; + H
'r: 3 = -------....;...-....;...---......;;~-;;---""""';"";:--~-----

(l + H) -lin _ [ G) 2 + H] l/n

From the above equations, we have

sign('r7 2 - 'r~I) = sign(pi - Po). (48)

The expressions of displacement, strain and strain rate, furthermore, are obtained from
equations (31-33, 41, 46 and 48):

u, = (r 2 + a2H)1/2 - r,

1 ( )-2Y~l = - 2 ~ H, Y\ = 0,

(49)

'1\ = 0.

The variable H(t) in the preceding relations may be determined from equation (46a).
Since equation (49) gives the relation H(O) = 0, through use of equation (48) equation (46a)
becomes
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H{ [(b)2 ]-l/n}nfa (I + H)-l/n - ;;, + H dH

= J3k (~3r(I - 247 C)-n/6 ( sign(Pi - Po)· IPi - poln dt. (50)

By introducing the transformation

Gr~-I
H= I_~ ,

this reduces to a more concise form:

(51)

x (I-x)n _ (J3)n tn ((b)-2/n dx = J3k - (I- 2\C)-n/6J sign(Pi - Po)· /Pi - Polndt. (52)JI ;; x(I - ~) n 0

For positive integer n, in particular, the left-hand side can be integrated analytically[2].
Once the value of H has been determined as a function of t from equations (51) and (52),

the states of stress and strain in the tubes can be determined by equations (47) and (49)
as functions of t.

When pressures Pi and Po are constant, specifically, we can introduce nondimensional
quantities

. 't'~j
T.'j =-,

Pi

u,
U, =-,

a
[

J3
~ -IPi- Pol

T ~ sign(p, - p,) . ~3k (I _ ;,:'/,[ I _ (~)

1J~j
H~j = ----------:----'....::---------:-:-,

J- ( -J3 IPi - Pol }n
sign (Pi - Po) .-l- k n [ (b) 2/n]

(I - --±...-C)1/6 I - -
27 a

and equations (47)-(50) reduce to simpler forms

( ) [(
,)2 ] -l/n [(b)2 ] -l/n

1 -~(1+H)-l/n- I-~ ;; +H +;; +H

T' l = [(b 2 ] I/n
(1 +H)-l/n_ ~) +H

P ( 2)( p)[(,)2 ]-I/n [(b)2 ]-I/n
2 - -#; (1 + H)I/n - I - ;; I - i ~ + H + ~ + H

T' 2 = [(b 2 ] lin
(1+H)-I/n- ~) +H

( I) ( P ) [(,)2 ]-I/n [(b)2 ] -l/n
3 _ -~(1 +H)-I/n_ 1-;; 1--1; ~ +H +;; +H

T' 3
- [ b) 2 ] I/n

(1 +H)-l/n_ (~ +H

(53)

(54)
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[(,)2 ]1/2,
Ur = - +H --,

a a

1 ( )-2r 1 = -- ~ H
'1 2 a '

1211

(55)

(56)

(57)

(58)

Accordingly, it will be observed that the results of the analysis may be completely specified
by the three parameters n, b/a and PO/Pi'

In the limiting case of H --+°and H --+ 2T, the preceding relations reduce to the analytical
results of infinitesimal deformations

_ Po a-2/n _ (1 _Po),-2/n + b-2/n
T 1 Pi Pi

·1 = 2/n b-2/na -

_ Po. a-2/n _ (1 _~) (1 _po.), -2/n + b-2/n
T 2 P, n P,

·2 = 2/n b 2/na -

_ Po. a-2/n _ (1 _~) (1 _P~),-2/n + b- 2/n
T 3 P, n P,

·3 = a 2/n _ b 2/n

(59)

{

J3 }n. J3 (,)-1 -;; IPi - Pol
Ur = slgn(Pi - Po) 2:" k ~ 4 16[ (b) 2/n] t, (60)

(1- n c) / 1 - -
a

{
J3 }nJ -3 ()-2 -[Pi - Pol

2 l' , n 3
r. 2 = -r' 1 =slgn(Pi - Po) 'T k ~ [ (b) 2/n] t, r' 3 =0, (61)

(1 - 2\C)1/6 1 - -
a

( )

-2
2 l'

H. 2 = -H' 1 = ~ , (62)

If we take c = 0 in nondimensional quantities (53), equations (59)-(62) lead to the well
known results according to the Mises type theory[27].
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4. RESULTS OF CALCULAnON AND DISCUSSION

4.1 Variation of the stress and the strain state

Now, let us examine the creep process of thick-walled tubes with closed ends under
constant internal pressure Pi by using the preceding equations.

Figures I and 2, to begin with, show the variation of the radial displacement and the
equivalent stress at inner radius for some values of bja and n. Dashed lines in these figures
represent the results of infinitesimal deformations, and vertical lines show the critical time
too corresponding to (ur)a ---+ 00 and (ae)a ---+ 00.

As observed in Fig. I, the deviation of the results of the infinitesimal theory (thick dashed
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~P n
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Fig. 1. Radial displacement at the inner radius. (a) b/a = 2, (b) b/a = 3, (c) b/a = 5.

lines) from those of the present analysis (thick solid lines) increases rapidly as the critical
time is approached, and its magnitude is more significant for larger values of creep expo
nents. Thin lines parallel to dashed lines represent values 1·5 and 2 times as large as the
values of the dashed lines [(ur)ah. Thus, the intersections of these thin lines with the solid
lines represent the state at which differences between thick solid lines and dashed lines are
50 and 100 per cent of the latter. Therefore, a given value of the deviation between the
finite and the infinitesimal theory occurs at smaller displacement for the larger value of n.
Thus, it will be observed that the physical non-linearity may increase effects of geometrical
non-linearity on the creep oftubes. Similar tendencies are observed in Fig. 2 which indicates
the variation of equivalent stress at the inner radius of the tube.

2 5 -------.-.----~,,--- T------~

I '

i
10 I- !!'l"_?:_:-:: ~~_~ __ L~n..!~'~e.:~_a~_~~~~~~o~ _

o10'l0 01882 !

,01340 03145, 09242

2(a)

001 50 100



1214 SUMIO MURAKAMI and NOBUTADA OHNO

25

2(b)

50 .00

+3

,

'. I .
1 ---===~~::::::-r': i Infinitesimal Deformation !
~ ------~-~--~----------------

01830 04332
01416 02581 12359

.~
20

d~l~
D 15

~

10

001

25

Inflnllt?slmcl )"'C'k" rll]t,(,n

005

I 0 f----~====-=

,;~
20

n , 9 5 3

b
5COO

" I :' 2(c)
.."
8'

Fig. 2. Equivalent stress at the inner radius. (a) biG = 2, (b) biG = 3, (c) biG = 5.

The critical time too as shown by vertical lines in Figs. 1 and 2, corresponds to the rupture
time tB of an ideal process in which the cross section of the tube decreases continuously
to zero and the tube remains a right cylinder until the last instant of the deformation. If the
tube material is ductile and the applied pressure is not so small, the first of these conditions
is satisfied practicaUy[27], and does not cause any significant difference between too and tB •

However, in order to examine the feasibility of the second condition, it is necessary to
elucidate the uniqueness and the stability bound of the relevant creep deformation[3], but
such investigation has not been done for the non-linear steady-state creep deformation
discussed here.
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0.5

Finally, the relations between the critical time tcJ:) and the parameters nand b/a are shown
in Fig. 3. Since the critical time for the fixed values of b/a is the smaller the larger the value
of n, the non-linearity in the creep law is again found to magnify the effect of geometrical
non-linearity.

J.O '----- __'__-"--J-"'-~ __'__ ____'

01

Fig. 3. Relation between the critical times, the creep powers and the tube geometries.

4.2 Effects of the third invariant of deviatoric stress tensor

Though the contribution of J 3 is much smaller than that of J 2 , the effect of the former
on the stress-creep rate relation is not always negligible in case of significant physical non
linearity. In fact, these authors have shown that the discrepancy between the analytical and
experimental results for infinitesimal creep deformation may be partly attributed to the
effect of J 3 [23]. As observed from equations (47)-(50) or (54)-(58), the effect ofJ 3 for the case
in question is reflected only through the time t. In case of c ~ 0, in particular, the effect of
J 3 diminishes the value of t corresponding to a given magnitude of the deformation. The
ratio between the critical times by the Prager-Drucker and Mises type theory (i.e. with and
without regard to J 3 ) is [l - (4/27)c]"/6. The ratios are summarized in Table I for the case
of c = 2'25, which is the largest value consistent with the creep potential (20), and has been
ascertained to correlate the experimental results for plastic deformations of aluminum
alloy[31]. The effect of J 3 is significant for larger values of n, and in the case of n = 9 it
reduces the critical time by a factor of about 2. Accordingly, disregard of the effects of J 3

may cause predictions on the unsafe side in the creep design of structural elements.

Table 1. Comparison between the critical times obtained from the
Prager-Drucker and the Mises type theory

n

0·9347

3

0·8165

5

0·7133

7

0·6231

9

0·5443
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4.3 Comparison with experimental results

Results of the preceding analysis will herewith be compared with those from the experi
ment of Taira and Ohtani on tubes of 0'19 per cent carbon steel subject to internal pressure
at 500 °C[32]. The inner and the outer diameter of the undeformed tubes were 2a = 25·40
and 2b = 50·45 mm. The results of tensile creep test on the tube material under nominal
stress of S = 10, 12 and 14 kg!mm 2 are shown by the open circles in Fig. 4.t The solid lines
in the figure show the approximate curves for the experimental results by equation (18) to
gether with the material constants

n = 6'40. (62)

The curves were calculated by taking account of the decrease of the cross-sectional area
due to the elongation and by assuming the constant volume of the specimens.

12010080604020o

6

5

4
~
Q.) 0 Experimental (Taira ~ Ohtanill

3
Approximated

2 0

t I hrl

Fig. 4. Results of the calibration tests for the tube material.

The radial displacements at the outer radius in the tube tests are shown in Fig. 5, where
the solid and the dash-and-dot lines show numerical results according to the Prager-Drucker
(c = 2'25) and the Mises (c = 0) type theory. The dashed lines in the figure represent the
results of the analysis of infinitesimal deformations. As observed in the figure, the solid
lines coincide with the experimental results with an accuracy of 20 per cent, while dash-and
dot lines show considerable deviation from them. Therefore, it may be concluded that the
disregard of J 3 may cause pronounced underestimation of the deformation of structural
elements and hence result in overestimation of their operating life.

The results by the infinitesimal deformation theory, on the other hand, deviate remarkably
from the experimental results when the value of (urh!b is in excess of about 0·01. For the
larger value of Pi' in particular, these discrepancies are much larger than those caused by
the difference between the creep laws. Thus, the geometrical non-linearity, in addition to
physical non-linearity has an essential significance in creep analyses which are generally
concerned with large deformations.

t Unpublished (according to a private communication).



Finite creep deformations of thick-walled tubes 1217

240200160120

0.19% Carbon Sleel at 500°C

8040

-- Prager- Drucker
--- Mises

f----++---+-J ---- Intinitesimal Deformaliorf' I' ~__-,
o Experimental 0 I

(Taira~Ohtani).) , I

p'~800 ~;;j
kg/em',. c' __- -:::::-:::--:- I

l-----'f--7fT--~o~~~ --j

f--~,L---+---r.-'s,0-f':=c.-~-_-'---=-:--i---~~Ji~~\~~
-::....--=::=--f-=====---.-..::=:-- -

006

005

.!> 0.04"-
1:
:::J

003

002

001

0

t (hr)

Fig. 5. Comparison between the analytical and the experimental results for the radial
displacement at the outer radius.

4.4 Comparison with Rimrott's analysis

Rimrott[1] has analysed the relevant problem in the case of internal pressure by assuming
the creep theory of Mises type and the Norton law for the true stress and logarithmic creep
rate. Although he took account of the simultaneous change of the tube radius and the wall
thickness, Rimrott simply modified the usual procedure for infinitesimal deformations and
did not follow the general theory of finite deformations. Thus, it would be of interest to
elucidate the relation of Rimrott's analysis to the present one which conforms to the
rigorous theory of finite deformations.

The logarithmic strain and the true stress employed by Rimrott are related to the Cauchy
stress tensor and the Cauchy-Green strain tensor in this paper by the relations

err = tln(2Y11 + 1),
(63)

Comparing equation (38) in Rimrott's paper

{ [

2 ]lfn}n. (a),/3 e- e •
e. b 3 n tf 1 - 2 _ dea = (L) k f pt dt
o 1 + (~) (e'/3e. _ 1) n 0

with equation (50) in this paper, we have the relation

{ [

2 ]lfn}n
fir I - m, eJ,,· de. ~ 1" {(l + H)-lfn_[(~)2 + H] -lfn}n dH

o 1 + (~) (ev'Je. _ 1) 0
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for the case of c = 0 and Po = 0, where Ba denotes the equivalent strain at the inner surface
of the tube. The above relation is satisfied identically by the relation

(64)

Therefore, the results of the present analysis for c = 0 and Po = 0 reduce to those of Rimrott
under the condition of equation (64).

Actually, as he specified the equilibrium of the tube element at the deformed state and
the true stress employed therein is identical with the physical components of Cauchy stress in
this analysis, the equation of equilibrium and the definition of stress in both analyses are
identical. The Norton law, expressed in terms of the true stress and the logarithmic strain
rate used by Rimrott, furthermore, coincides again with that for Cauchy stress and the
Cauchy-Green strain rate in this paper (see thefootnote ofp. 1204). Finally, with respect to the
creep theory, equation (26) reduces to the Mises type theory when c = O. Thus, all funda
mental relations in both analyses are found to be identical. However, this holds true only
in cases where a given problem can be solved with respect to the principal axes of stress and
strain. Therefore, it should be noticed that an extension of the usual analytical procedures
for infinitesimal deformation to the problem of finite deformations as performed by Rimrott
is possible only for relatively simple and special problems like the present one.

5. CONCLUSION

The steady-state creep of pressurized thick-walled tubes was analysed by the theory of
finite deformation. A state of plane strain was found to be realized rigorously also in the
case of finite deformations as far as the creep potential is a function of J 2 and J 3 of even
order with respect to stresses. The closed form solutions derived in the analysis elucidated
that the physical non-linearity magnifies the effect of the geometrical non-linearity. The
effect of J 3 was the more significant the larger the values of n, and in case of n = 9 it reduced
the critical time by a factor of about 2. Results of the analysis agreed with those from the
experiments with an accuracy of 20 per cent, while the results disregarding J 3 and those of
infinitesimal deformation lead to considerable underestimation of the deformation. Rimrott's
solution obtained by modifying the procedure for infinitesimal deformations practically
coincided with a special case of the present solution.
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A6cTPaKT - B KaqeCTBe npHJIOlKeH1H1 TeopHH KOHeqHblX ,necP0pMaI.\Hil: K3a,naqaM nOJI3yqecTH
JJ:aeTCSl aHaJIH3 CTaI.\HOHapHoil: nOJI3yqeCTH TOJICTOCTeHHblX Tpy6, HaxOJJ:S1I1.\HXCSl nOJJ: JJ:aBJIe
HHeM. BbIBOJJ:S1TCSl BnepBblil: pa3, KOHCTHTyTHBHble ypaBHeHHSI JJ:JISI CJIyqaSl KOHeqHblX JJ:ecPopMa
I.\Hil:, nyTeM npeJJ:nOJIOlKeHHSI nOTeHI.\Harra TIparepa-.LI:paKepa H3aKOHa HopToHa. TIOJIyqalOTCSl
perneHHSI B 3aMKHyToM BHJJ:e. CpaBHHBalOTcSl OHH, KaK c COOTBeTCTBYlOlI.\HM 3KcnepHMeHTOM
TaK H c aHarrH30M, KOTOPblil: npeHe6peraeT 3cPclIeKT HHBapHaHTa J 3. HCCJIeJJ:yeTcSl, TaKlKe,
3aBHcHMoCTb MelKJJ:Y npeJJ:JIaraeMblM aHaJIH30M H aHaJIH30M PHMpoTTa, BblITOJIHeHHblM
nyTeM BHJJ:oH3MeHeHHSI np0l.\ecca HHcPHHHTe3eMKJIbHblX JJ:ecPopMaI.\Hil:.


